GEOMETRIC AND PROJECTIVE INSTABILITY FOR 
THE GROSS-PITAEVSKI EQUATION 



by Laurent Thomann 



Abstract. — Using variational methods, we construct approximate solutions for the 
Gross-Pitaevski equation which concentrate on circles in ffi 3 . These solutions will help 
to show that the L 2 flow is unstable for the usual topology and for the projective 
distance. 



where ft, > is a small parameter and au a constant which depends on h, that 
can be either positive (defocusing case) or negative (focusing case). In all the 
paper we assume that there exists a constant A > 0, independent of h, such 
that \a h \< A. 

This equation appears in the study of Bose-Einstein condensates; for more 
details see [7]. 

In the following we will refer to the definitions: 
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Definition 1.1. — (Geometric instability) We say that the Cauchy problem 
|T]) is geometrically unstable if there exist u\,u\ £ L 2 (R 3 ) solutions of |T]) with 
initial data u^(0),^(0) G L 2 (R 3 ) such that ||i^(0)|| L 2, \\u 2 (0)\\ L 2 < C where 
C is a constant independent of h and t^ > such that 

''^-^I'-^+oc when/,^0. 



IK-O(o)l 



L- 



Definition 1.2. — (Projective instability) We say that the Cauchy problem 
([1]) is projectively unstable if there exist u\,u 2 h € L 2 (R 3 ) solutions of (pQ) with 
initial data ^(0),u|(0) € L 2 (R 3 ) such that (O)^, ||w^(0)|| ia < C where 
C is a constant independent of h and th > such that 

<*pr Kfa)Xfa)) , . n 

— — - 2 — j— rr ► +oo when ft ► 0. 

d pr (u 2 (0), M i(0)) 

Here c? pr denotes the complex projective distance defined by 

d w {vi,v 2 ) = arccos ( ir^T^~ii — I f or «i,f2 e L 2 (K 3 ). 

Notations 1.3. — In this paper c, C denote constants the value of which may 
change from line to line. These constants will always be independent of h. We 
use the notations a ~ b, a < b, a > b, if jjb < a < Cb , a < Cb, b < Ca 
respectively. We write a b, a b if a < Kb, a > Kb for some large 
constant K which is independent of h. 

The first result of this paper is 

Theorem 1.4. — Leth^ 1 e N. In each of the following cases, there exist cq > 
andu\, u\ € L 2 (R 3 ) solutions o/Q with initial data ||u|(0)||l2, ||wj l (0)||x,2 — > 
K such that if \ah\n 2 < Cq, we have: 
(i) Assume a is independent of h and n\a\t 3> 1, 

\M^m» > , ak , 



IIK-<)(o)IU2 

(n) Assume \ah\th — * +°° w/iera /i — ► -C log ^, £/ie 



sup ||«-<)(t)|U2 >1, 
o<t<t h 



11(^-0(0)11^ — ^o. 

In particular, the Cauchy problem (fl|) is geometrically unstable 
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Denote by x — (x%, X2, £3) the current point in R 3 . In cylindrical coordinates 
(x± = rcos9,X2 — rsva.6, £3 = y), the functions considered in Theorem 11.41 
take the form 

(2) u h (0,x) = K h h-^e i] ^ e v Q (^-,-^=), 
where k e N, v G L 2 (R 2 ) and 

(3) u(t, ar) - u h (0, sje - ^* + U7 fc («, a?), 

with it?/, a small error term in L 2 (R 3 ), at least for times when instability effects 
occur. 

The Ansatz §Z§ shows that the function u in ^ will concentrate on the circle 
{x\ +x 2 2 = k 2 ,x 3 = 0) in R 3 . 

To prove Theorem 11.41 we consider two initial data of the form (0) associate 
with k and k' such that \n' — k\ is small, and therefore the initial data are close 
in the L 2 -norm, but we will see that the solutions do not remain close to each 
other after a time t. 

The construction of two solutions to (fT|) of the form ([I]),© which concentrate 
on disjoint circles yield the following result 

Theorem 1.5. — Let h^ 1 e N. There exist c > and u^u 2 £ L 2 (R 3 ) 
solutions of J!]) with initial data || it 2 (0)11^,2, ||w^(0)||£2 — > k such thatif\ah\n 2 < 
Co and \ah\th — ► +00 when h — > with t/, <C log we have 

sup d vr {u 2 h {t),u l h {t)) > 1, 

0<t<th 

but 

<V( M 2 (0),4(0)) — ►(). 
/n particular, the Cauchy problem ([7]) is projectively unstable. 

The part (i) of Theorem 11.41 shows that there is no Lipschitz dependence be- 
tween the solutions of equation ([T]) and the initial data in the regime not 1, 
whereas the part (ii) and Theorem l 1 . 51 assert that the dependence is not contin- 
uous, but for larger times. Both types of instabilities are nonlinear behaviour, 
but the first one is weaker than the second. 

The instability results of Theorem 1 1.41 are not new in the case a > 0. R. Carles 
[3] shows the instability, for finite times, of the equation 

ihd t v + h 2 Av ~ \x\ 2 v = f{h k \v\ 2 )v, (t, x) S R 1+n , 

when n > 2, 1< k < n, and / € C°°(R + ,R) with /' > 0. 

In pQ, N. Burq, P. Gerard and N. Tzvetkov have pointed out geometric instabil- 
ity for the cubic Schrodinger equation idtu + A§2it = a|u| 2 u on S 2 when a > 0. 
This phenomenon doesn't occur on L 2 (R 3 ) for the equation idtu + Au = a\u\ 2 u 
in L 2 (R 3 ), it is therefore strongly related to the geometry of the operator and 
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of the manifold we work on. Here there is no semiclassic parameter in the 
equations, but we could obtain similar results in this latter case with a scaling 
argument, as these instability effects are local. There are stronger instability 
phenomenona in H s norm, for < s < | or for s negative, for more details see 
[5] or [3] for the one dimensional case. 

In [2], N. Burq and M. Zworski prove Theorem ll.4l in the case a > 0. To obtain 
geometric instability, they expand the solution on the Hilbertian basis given by 
the eigenfunctions of — h 2 A + \x\ 2 . The nonlinear term in {1} induces a phase 
shift in time for the groundstate and this yields the result. We will give a more 
precise description of the solution by solving a pertubated eigenvalue problem 
for the harmonic oscillator and this will also treat the focusing case. They also 
obtain projective instability for the equation 

ihdtu + h 2 Au — V(x)u — ah 2 \u\ 2 u, 

where V is a cylindrically symmetric potential with respect to the vari- 
able y — 23, but they have to add the following assumption: Denote by 
r = \/x\+ x 2 then the function (r, y) 1 — > V(r, y) + r~ 2 has two distinct 
absolute non-degenerate minima (rj,yj),j = 1,2, and its Hessian at (fj,yj) 
are equal. We use a variational method to construct quasimodes which are 
localized on circles in R 3 , which allows to remove such an hypothesis. This idea 
comes from an unpublished work from N. Burq, P. Gerard and N. Tzvetkov . 

Thanks to the form F(\u\ 2 )u of the nonlinearity in ([T]), we look for a so- 
lution u which writes u(t,x) = e~ lXt f(x). Then / has to satisfy 

(-h 2 A + \x\ 2 )f = h\f-a h h 2 \f\ 2 f. 

In the case a% = 0, / is an eigenvector of the operator —h 2 A + \x\ 2 associate 
with the eigenvalue hX. In the general case, the term a,hh 2 \f\ 2 f will be treated 
as a perturbation of the linear problem 

(-h 2 A + \x 2 \)f = hXf. 

In fact, we will find a development in powers of h of hX and / 

fe>0 fc>0 

by solving a cascade of equations. This will be done in cylindrical coordinates: 
Write x = {x\ , X2 , x%) and make the cylindrical change of variables X\ = r cos 8, 
x-2 = rsinO and x 3 = y with (r,8,y) € x [0,27r[xR. Then the Laplace 
operator takes the form 

A = ^d 2 + dl + \d r + dl. 
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Let k be a positive constant and k a positive integer, we want to find a solution 
of (JTJ of the form 



(4) u = nhT 2 e - lAt e l -%(r, y, h), 

where A is a constant to be determined, and v a real function which therefore 
has to satisfy 

-h 2 (d 2 + d 2 )v + + r 2 + y 2 )i = Xhv - a h h 2 n 2 v 3 + h 2 -d r v. 

Notice that we have to choose hr 1 6 N so that ^ makes sense for all k E N. 
We try to construct v which concentrates exponentially at the minimum of the 
potential V = K: + r 2 + y 2 , i.e. at (r, y) — (k, 0). 

Thus we make the change of variables r — k+^/hp, y — \f~ho and set v(r, y, h) = 

We write the Taylor expansion of V in h: 

+ (k + Vhp) 2 + ha 2 = 2k 2 + (Ap 2 + o 2 )h - jp 3 hi 



{k + Vhp) 2 k 

_5 
+ ~k 2 

Then v has to be solution of 



; p A h 2 +R(p, h)h*. 



\h-2k 2 9 , , i . 1 „ 4 , . 

Eq(v) := P Q v v + a h n 2 v A - h?( i^d p v + -p A v) 

h k + Vhp k 

(5) +^p 4 hv - hiRv = 0, 

where P Q = — (d 2 + d 2 ) + (Ap 2 + a 2 ). Now, write 



v(p, a, h) — v (p. a) +h 2 Vi (p, a) + hv 2 (ft, a) + h 2 w(p, a, h) 
Xh ~ h 2k2 = Ea + h^E 1 + hE 2 + h~2E 3 (h). 
By identifying the powers of h we obtain the following equations: 



(7) P V! = E V\ + Exvo - 3a h K 2 v 2 v 1 + \d p v a + jp 3 v , 



(6) P o v = E v a - a h n 2 v 3 , 

2 2 

n k. iin 1 ! 1 -I- w , , , ,1 

k k 

k 



P0V2 = E v 2 + E1V1 + E 2 v - 3a h n («o v 2 + Wo^i) + f,^p v ^ 
/n . 4 o 1 5 4 

(8) +-p V! - TtpdpVo - j^P Vq. 
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Remark 1.6. — In the sequel we only mention the dependence in k, n and a 
of the Vj and Ej when necessary. Moreover we write a = a^. 

2. Construction of the quasimodes 

Proposition 2.1. — There exists a constant c > such that if \a\n 2 < c , 
there exist Eq > and vq G L 2 (R 2 ) satisfying vq > and ||uo||i 2 (R 2 ) = 1> which 
solve @. 

For t/> G 5'(R 2 ), denote by ip its Fourier transform, with the convention 

$(() = [ e- iC - x ip(x)dx, 
Jr 2 

for V € L 1 (R 2 ). 

We use a variational method based on Rellich's criterion. 
Proposition 2.2. — f|8], p TAe sei 

S=U\f \^(x)\ 2 dx = lj (l + \x\ 2 )\r/j(x)\ 2 dx<l, [ (l + |C| 2 )|^(C)| 2 rfC< l), 
I Jr 2 Jr 2 Jr 2 ) 

is a compact subset o/L 2 (R 2 ). 

Proof of Proposition \2.1\ — We minimize the functional 



J(u, a) = 




on the space 

H = {« G ff^R 2 ), (p 2 + <j 2 )^u G L 2 (R 2 ), \\u\\ L 2 = l\ . 
Now, on H we have the inequality 

HU< < q|«|| ff4 < c||«llil|v w ||| 2 < c||v«||* 3 . 

Thus, there exists cq > such that 




as soon as \a\n 2 < cq, which we suppose from now. 

Let (u n ) n >i be a minimizing sequence. First, we can choose u n > 0, because 
|u n | is also minimizing, as |V|it„|| < |Vm„|. We have 
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with C independent of a, k and n. We are able to apply Rellich's criterion: 
there exists vq € H with vq > such that, up to a subsequence, u n — ► Vq, 
and the lower semi-continuity of J ensures 

J(vo,aK 2 )= inf J(u,an 2 ). 

Then there exists a Lagrange multiplier Eq such that 

P v Q = ~{d 2 r + d 2 )v + (4p 2 + a 2 )v Q = E v - clk 2 v 3 , 
and Eq is given by 

E = J (\\7v \ 2 + (V + <r> 2 + anW) . 

□ 

PROPOSITION 2.3. — Let \a\K 2 < cq. There exist constants C, c > indepen- 
dent of a, K such that for < j < 2 



(9) 



(J- A)*«o(p, a) 



Proof. — We denote by £ = (p, <r), and we define y> e (£) = e 1+e i« . The function 
(p e is bounded and 

(10) \\7tp E \ < tp E a.e. 

We multiply (J6j) by ip £ vo and integrate over R 2 : 

V(v3 e uo)Vwo + J f e \£,\ 2 vl < E J (p e vl + \a\n 2 J ip e VQ. 

We compute V(<^ e vo) = «oV<y9 e + ^eVuo, and use (I10p to obtain 

(</?e|Vi; | 2 + v2 e |£| 2 ^o) < E a (p E v 2 + \a\n 2 / <p e v$ + / ^ e «o|Vwo|. 



1-3 I 

Vw = -yj s 4 Vv? e v + ipi'Vvo. 



We set wo = ifeVo, then 
(11) 

From the Gagliardo-Nirenberg inequality in dimension 2 

INolli- < C]|^o||| 2 ||V^o||| 2 , 

together with (fTl) we deduce 

^ < C / (<p|«g) / 4( Uo 2 + |V V0 | 2 ) 
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As J v 2 = 1 and / |V«o| 2 < C, Jensen's inequality gives 

<Pevt <C( f ip e v£) 2 ( f Ve (v 2 Q + \WV \ 2 ) 



(12) < ^- / y - Vrr,\ 2 -C j r - : ri 
We also have 

(13) J ipeV \Vv \ < 7 / - - C / S : rf t . 

Now, write for R > 



\s\<r J\e\>R ./ R 



and deduce that for R big enough, independent of e, there exists a constant C 
independent of £ satisfying 



Letting e tend to yields 

(14) e^Vvo £ L 2 and e^\£\v eL 2 . 

With the help of equation (jfjj), compute 

A ^ e i(p+CT3 ) = a K 2 ^e3 (p+,T) + (V + a 2 - E )v e^ p+ ^ 

+ i(l, 1) • V« e^ +CT) + y^woe^^. 

According to (fT4"|) . each term of the right hand side is in L 2 , excepted maybe 
the first one. But denote by vq = voe^^ p+cr \ then (fT4f shows that vo S i? 1 (K 2 ) 
and consequently «o S L 6 (M 2 ). 

Hence, with the inequality ^ IIHU 2 II Aw|U 2 applied to w — i> e3 1^ ") 

we deduce vq < Ce~^ p+(J \ 

The same can be done with a replaced with —a or p by —p. Therefore vq < 
(7 e -i(H+M). Equation ((6|) and the previous estimate give 

\Av (p,a)\ < Ce- c(|p|+|CT|) . 

To obtain the last estimation of Proposition ^. 31 use the interpolation inequality 

||Vu;|||- < ||«;||£«||Atij||£«>. 

applied to u; = u e c(±p±<T) . □ 

We are now able to describe the behaviour of E (an 2 ) and vo(an 2 ) when 
an 2 ► 0: 
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Proposition 2.4. 



v {an 2 ) ► ^ e - {p2 + ^ 2) in L 2 (R 2 ) when an 2 



ana 



\/2 

(15) E (aK 2 ) = 3 + i—aK 2 + o(aK 2 ). 

Z7T 

3 ^ ( ^ — i— ^ ^ ^ 

Proof. — The function the unique positive element in 

H that realises the infimum of J(n, 0), and is the first eigenfunction of Pq = 
— A + (4p 2 + er 2 ) associate with the eigenvalue i?o(0) = 3. See [6], p 7 for details. 
For |o|k 2 < Co we have 

(16) || Uo (aK 2 )|| L 2 = 1, ||Vz;o(a K 2 )|| L 2 < C, and \\Zv (a K 2 )\\ L 2 < C. 

By Rellich's criterion, (v(aK 2 ))| a | K 2< Co is compact in H; let .4 be its adherence 
set. If u G A, there exists a sequence b n = a„K 2 — > satisfying vo(o„) — ► u 
in L 2 . As VQ(b n ) realises the infimum of J(v,b n ): 

1. /■, ,4 



J(uo(6 n ).M < J(ua,b n ) = 3+ -6„ / |u | 

therefore, J(u,0) < 3. As u > 0, we conclude it = «q, i.e. A = {uq} and 

i>o(aK 2 ) — ► uo in i 2 (R 2 ) when an 2 — > 0. 

Moreover |v(aK 2 )|, |uo| < C, then the convergence in also in L 4 . 
Now, the self-adjointness of Pq gives 

= ((Pq — 3)uo,w(aK 2 )) = (Eo{an 2 ) — 3) / u(a)ito — ° k2 / f 3 (a)iio, 



2^3,, , r „,4 _ a/2 



2tt 



then from J v(aK 2 )uo > Jt/q = 1 and J v(aK 2 ) 3 UQ > / u o 

dude E (a,K 2 ) = 3+ ^an 2 + o(o,k 2 ). □ 

PROPOSITION 2.5. — Let \an 2 \ < c . T/iere exist Ei,E 2 G K and Ui,V2 G 
L 2 (R 2 ) satisfying V\,V2 > and ||ui||l 2 (b 2 ); ||^2||l 2 (r 2 ) ~ 1, which solve Q 
and ©. 

Moreover there exists c > smc/i i/ia£ /or Z = 1, 2 and < j < 2 



(17) 



(I-A)ivi(p, a) 



Proof. — Equation © writes 

where we denote by P(an 2 ) = P + 3an 2 v 2 and V = 4p 2 + a 2 + 3an 2 vo 2 — E a . 
The potential V is so that V — ► oo as \(p, cr)| — ► oo, then the spectrum 



{P{an 2 ) - Eo) »i = (-(c) 2 + 5 2 ) + V) v x = E x v + -d p v + -p\ 0l 
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a(P(a)) of P(an 2 ) is purely discrete and the eigenvalues are given by the min- 
max principle (see [8] p. 120). 

The hrst eigenvalue of P(an 2 ) is therefore given by 

Li (aK 2 ) = inf / (\Vu\ 2 + {4p 2 +a 2 )u 2 + 3an 2 v 2 u 2 ) ~ E (an 2 ), 
ueH J 

and there exists wq € H with wo > satisfying 

(P(an 2 ) - E ) w = (Pq - E Q (aK 2 ) + 3aK 2 v 2 ) w = ^o(a)wo, 

and one shows, as in the proof of (12. 4p that wq — ► uo in L 2 n L A . 
Multiply (J6j> by uo and integrate 

3an 2 J Vo 2 WoUq + (3 — E a (an 2 )) J w uo = p n (an 2 ) J w u , 

then according to hq(clk 2 ) ~ ^ok 2 when as 2 — > 0. If a > and ak 2 is 
small enough we can conclude that ^ cr(P(a)). 
Let's look at the case a < 0: 

According to the min-max principle, the second eigenvalue of P(an ; ) is 
Aii(aK 2 ) = inf / (|Vu| 2 + (4p 2 +a 2 )u 2 + 3aK 2 u 2 u 2 ) -EoK), 

u£H,u1.wq J 

and let it>i realise the infimum. 
We also have 

5= inf [ (\Vu\ 2 + (4p 2 + a 2 )u 2 ) = inf J(u,0), 

realised for m, the second normalised Hermite function. Now, define u = 
awi+/3wo with a, (3 such that ||u||l 2 — a 2 +/3 2 = 1 anda J wiUq+P J wiUq = 0, 
then u £ H and u _L uq. Notice that \a\ — ► 1 and (3 — > as an 2 — > 0. 
One has 5 = J(tii,0) < J(u, 0), then we obtain 5 < pi(an 2 ) + e(an 2 ) with 
e(aK 2 ) — ► as an 2 — > 0, therefore iii(an 2 ) > 4 for a small enough, and 
0^a(P(aK 2 )). 

As a conclusion, for each choise of E\, equation (J7|) admits a solution vi 6 L 2 
as the second right hand side / is in L 2 . However, if we choose Ei so that 
/ 1 uq, w e also have ||^i||l 2 < C uniformly in \a\n 2 < cq, as the eigenvalue 
Eo(aK 2 ) is simple. 

The estimations (fT?|) are obtained as in the proof of Proposition 12.31 

By the same argument we infer the existence of t>2 and E2 which solve equation 

([HI and satisfy the estimates (fTTj) . □ 

Take \ € Cg°(R) such that x > 0, suppx C [§, |] and x = 1 on [f , f ]. 
Set v = x(v^p)(uo + + hv 2 ), v(r,y,h) = v(^,^=,h) and A = 2jsl + 
-Eq + ft-^i + ft.£?2, and define 
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(18) u ap p = Kh-ze-^j— 6 !). 

Recall that, according to (I15| . 



a/2 

Eo(aK 2 ) — 3 + — — an 2 + o{an 2 ). 
2n 



Proposition 2.6. — The function u app defined by (|7ffj) satisfies 

(19) ihd t u app + h 2 Au app - \x\ 2 u app = ah 2 \u app \ 2 u app + R(h) 
with 

(20) ||(|x| 2 + l)R(h)\\ L 2 < hi and \\AR(h)\\ L 2 < hi. 

Proof. — By construction, w — vq + h*v\ + hv% satisfies Eq(w) — hi Ri(h) 
where Eq is defined by © , and according to Propositions 12.41 and [ 

and 

(21) |aRl( ''» ls ((^W + w3 ) c ^ ,H+W ' 

Now, 

Eq(v) = Eq(x(Vhp)w) 

= X (Vhp)Eq(w) - h X "(Vhp)w ~ 2hi X '{y^p)d P w 

+a X (x 2 - l)^ 3 
= hi X i^hp)Ri +R2 + R3 + R4 := R{h). 
Set / = [|, |] U [|, |] and observe that suppx' C /, suppy" C /, 
suppy (x 2 — 1) C / and if \fhp € I we have 

\w\,\d P w\ < e ~ c/v/S e- c|<T| , 

then it follows 

(22) \\^R P \\ L 2 <e~ c /^, 
for all < j < 1 and 2 < p < 4. According to (|2T|) we also have 

\\x{Vhp)Ri\\l* < !{l + |p| 6 )e- 2ci ^l+l-l) < C. 



Therefore, coming back in variables (r,y,8), \\R(h)\\i,2 < h? . Because of the 



fast decay of w we also have \\(r 2 +y 2 )R(h)\\ L 2 < h% , hence || (\x\ 2 + l)R(h)\ 
hi. 



L-' 
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Differentiating u app costs at most h , then together with (|21|) and 
obtain \\AR(h)\\ L 2 < hM . 



we 
□ 



PROPOSITION 2.7. — Lei |a|«; 2 < c /lied, Zei u app be given by (fTffi) and ?ei 
fee solution of 

(23) 



{ihdtu + h 2 Au ~ \x\ u = ah 2 \u\ 2 u, 
u(0,x) = u app (0,x), 

then \\(u — u app ){th)\\L 2 — v with th <C log(^), when h — > 0. 

Proof. — Denote by w = u — u app and by / — ah 2 g + R(h) with g = \u app + 
w\ 2 (u app + w) - \u app \ 2 u, 

(24) 

We define 



app 

r>p i it app i then 



ihdtw 4- h 2 Aw — \x\ w = /. 



(25) 



+ l)|w| 2 + / l 4 |Aw| ; 



Multiply ([Mj) by h 



l)w, integrate and take the imaginary part: 



< 26 > 5*5/5"* 



4 + l)|w| 2 =Im J i(|x| 4 + l)/uJ+2/i 2 Im J \x\ 2 wx\7w, 
— Multiply A(|24p by h 4 Aw, integrate and take the imaginary part: 

(27) hi^ J h 4 \Aw\ 2 =/i 4 Im J AfAw - 2/i 4 Im J AwxVw. 
With an integration by parts, we can show that 

h 2 J \x\ 2 \Vw\ 2 < J \x\ 4 \w\ 2 + h 4 J \Aw\ 2 , 

therefore 

(28) h 2 
and 

(29) h 4 



\x\ wx'Vvu 



AwxVw 



<hj \x\ 4 \w\ 2 + h 3 J \x\ 2 \Vw\ 2 <hE, 
<h 5 J \Aw\ 2 + h 3 J \x\ 2 \Vw\ 2 < hE. 



Then the inequalities 



yield 



J Q(k| 4 + + h 2 \x\ 2 Vf\Jw + h 4 AfAw 
Using the expression of u app 



(30) h—ECt) < Im 
at 



hE. 



1 app 



(31) 



\v <1, 



II Vu a pp || L 2 < h \ 



\u a pp\\L°° <h 2, 

||Vu pp||i°° ^ 
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and by definition of E 

(32) \\xWw\\ L 2 < h~ l E$, \\Aw\\ L 2 < h- 2 E^, 

and the Gagliardo-Nirenberg inequalities in dimension 3 yield 
IHU 4 < h~*E%, ||Vw||i4 < h~*E%, 



(33) 



< 



\l 2 \\Aw\\l 2 <h-§Ei. 



— First, the estimates (|20|) on give 



(34) 



|J (i(|a;| 4 + l)i?(/i)w + /i 4 Ai?(/i)A«j)| 

< ||(|x| 2 + l)iZ(fc)|U^* + fc a ||Afl(ft)IU>£* 

Then, as g = \u app + w\ 2 (u app + w) — \u app \ 2 u app , and according to 
and ((3SJ) 



Im J (\x\ 4 + l)gw 



(35) 



< J(\x\ 4 + i)(\u app \ 2 \ w \ 2 + \u app \\w\ 3 ) 

r-u 1 1 Uapp 

||i°°(||Uaj>p||£<» + \\w\\ L oa)E 

< h^E + h^Ei. 



Compute 



< 



L app 



2 \Aw\ 



L app | 



1 1 ^^app 

\\Vw\ + \Vi 



'app | 



\\Au app \\w\ + |Au app ||u>| 2 + |w| 2 |Au>| + |w||Vw| z 

hence 

HAfliU 2 < ||u op p||ioo||Au;|| L 2 + \\u app \\ L ^\\Vu app \\ L ^\\Vw\\ L 2 

+ ||Vu ap p|||oo||w|| L 2 + ||Mapp||L°°||Au ap p|| L ^||w;|| L 2 



|Au app || L ~||w|| 2 4 



w\ 



,\\Aw\\ 



L 2 



\w\\ L 4Vw\\ 2 Li 



then 



< hT 3 E^ + h- 4 E + h~ 5 E 
h 4 J AgAw 



(36) 



<h 4 \\Ag\\ L 2\\Aw\\ L 2 
< hT x E + h- 2 E'i +h- 3 E 2 . 



Putting the estimates |34|) . (|35|) . and (|36|) together with (|30|) . we obtain 



(37) 



h—Eit) < h^E? + HE + Ei + h^E 2 
at 
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Set F = Ei, then F satisfies F(Q) = and 

(38) h^F(t) <0 +hF + F 2 + h- 1 F 3 . 

As long as h~~ 1 F 3 < hF, i.e. for times such that F < ft,, we can write 

— F(t) < fti + F. 
at 

Using GronwalPs inequality, F < hie ct . The non linear terms in |38|) can be 
removed with the continuity argument for times th such that e cth < h~^, i.e. 
£/, -C log(^) and one has F(th) — ► when /i — ► 0, hence the result. □ 

We are now able to prove Theorem 11.41 and Theorem 11.51 



3. Geometric instability 

Let |o|k 2 < cq. Consider the function u app defined by (|18[) associate with k 
with k = 1 (k will be equal to 1 in all this section). 

u apP = Kh~*e~* Xt e % *v. 
Similarly, let the function u' app defined by (fT5|) associate with k' = k + . 
Then there exists A' 6 M and v' £ L 2 (R 3 ) such that 

define the functions /, /' £ L^R 3 ) by 

(39) f = h~$e i H, f = h'^Sv 1 . 

Notice that by construction, ||/||l 2 , II/'IIl 2 ~ !• 
We now need the following 

Lemma 3.1. — The functions defined by (|39[) satisfy 

(40) ll/'-/ll^<^- 

Proof. — To construct /', we have to solve the system ©-(H]) with k! = n+h^ . 
We reorganize this system by identifying the powers of h, and as equation ^ 
remains the same, we deduce (pfU)) . □ 

Proof of Theorem \1.4\ (i). — Denote by u (resp. v!) the solution of ([23")) with 
initial condition u app (0) (resp. u' app (0)). We have 

\\(u'-u)(0)\\ L * = \\(u' app -u' app )(0)\\ L2 

(41) < 4f'-fh* + ^ll/'IU 2 < Kh*, 

by Lemma 13. II The triangle inequality gives 
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l app u app 



Uapp)(t)\\ L 2 > K 



(42) 



> K 



e t(V-A)t _ 1 
e i(X'-X)t _ 1 



\f'\\Li-K\\f-f\\L*-Khz\\f\\ L3 



As (A' - \)t ~ ||a ((k + hi) 2 - k 2 ) < - ^anthi , with (02) we obtain, when 
|o|/c* > 1 

\\( u 'ap P - U app )(t)\\ L 2 > c|a|K 2 t/i5, 

hence, using (j4"T]) 



(tt'-u)(0)|| 



which was the claim. 



□ 



Proof of Theorem \1.4\ (ii)- — First notice that every parameter or function in- 
volved in this part depends on h even though we do not write the subscripts. 
We define 



< PP = (n + e^h-h-^'^v" 
:= ( K + £ft ) e - a "7". 



(43) 

with Eh — ► when h — > 0, and denote by u" the solution of (f2"3")l with initial 
condition u" pp (0). Then 

HO" -u) (0)|| £2 = \\(u" pp -u app )(0)\\ L 2 

(44) < K\\f" - f\\ L . + KS h \\f"\\ L *. 

The right hand side of (|4"4"|) tends to with h because \\f" — /||l 2 — * and 
||/" || £2 ~ 1. But when h is small enough 



KKpp- u aP p)(t)\\ L 2 > k 

(45) 



a i(A"-A)t 



\\f"\\ L2 - K \\f" - f\\ L2 - K£h \\f"\\ L 2 



1 

> -K 

~ 2 



3 i(A"-A)i _ 1 



Now use (A" — \)th ~ ((n + Eh) 2 — k 2 ) th ~ CoanthEh- Take e/j 
(CoKath)~~ 1 / 2 which tends to 0, then if /i -C 1, |A" — A|£h > 7r and 

SU P IIK' Pp - w app)W||L2 > «■ 



o<t<t h 



Now, according to Proposition 12. 71 which can be used as we assume t <C log 
we have for h small enough 

sup \\{u" - u){t)\\ L 2 > K. 
0<t<t h 

This last inequality together with (|4"4")) proves the second part of Theorem 

m □ 
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4. Projective instability 

We conserve the notations of the previous section, but here fj and /j are 
constructed with k = j in ((H) . 

Define U app = ne^h + K e' lX ^f 2 and U' app = (k + Efc)e -<Ai 7i + rar^'* f 2 . 
Lemma 4.1. — Lei V app = U app or V app = U' app , and v be solution of 

( ihd t v + h 2 Av - \x\ 2 v = ah 2 \v\ 2 v, 
(46) { M M 

[ v(0,x) = V app (0,x), 

then \\(v — V app )(th)\\L 2 — > with th <§C log(i), when h — > 0. 

Proo/. — Write V app = v\ pp + v 2 app with v\ pp = Ke" iAlt /i or v\ pp = (k + 

e?i)e _lAl */i an d ^ 2 pp = Ke~ lX2t f2- As the supports of v^ pp and i> 2 pp are disjoint 
we have 

ihd t (vl pp + v 2 app ) + /i 2 A(^ pp + v 2 app ) - \x\ 2 {vl pp + v 2 app ) 



= ah 2 {\vl pp \ 2 vl pp + \v 2 app \ 2 v 2 app ) + R\h) + R 2 (h) 

= ah 2 \v\ pp + v 2 app \ 2 {vl pp + v 2 app ) + R\h) + R 2 (h), 

where for j — 1,2, R 3 (h) is the error term given by Proposition ^. Gl and therefore 
satisfies ||(|x| 2 + i)BP(h)\\ L i < hi and \\ARi(h)\\ L 2 < hh . We conclude with 
the help of Proposition 12. 71 □ 

Proof of Theorem ] 1.5\ — Consider the function u (resp. v! ) the solution of 
equation (j4*B"|) with Cauchy data U app (0) (resp. U' app (0) ). 
First notice that, for t > 0, || V app (t)\\ 2 L2 ~ 2k 2 . Compute 

(47) U app {t)U^ p {t) = «(« + ^/life^-^)' + k 2 |/ 2 | 2 . 

Then for i = 0we have 



UappU' app (0) ~ 2k , 

hence 

d pr («(o),u'(o)) = d pr (c^p(o), c/: pp (o)) — > 0. 

Let th -C log then as (Aj — Xi)th ~ CociKShth, we now choose 



CoClKth ' 

then we have (A^ — Ai)^ — ► 7r, as /i — ► 0. Thus 



Ua P pU' app (t h ) — 0, 
^prV^oppV-ft;, U app {th)) ' — 2' 



and 

7T 

d pT (U app (t h ),U (t h )) — ► arccos(O) = -. 
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Finally, from Lemma 14.11 we deduce 

d pl -(u(t h ),U app (t h )), d pl (u'(t h ),U' app (t h )) — > 0, 

and therefore 

dpr(u(th),u'(t h )) > d pI (U app (t h ),U' app (t h )) - d pI (u(t h ),U a pp(th)) 

-d w {u'{t h ),U' app {t h )) 
for h <C 1; hence the result. □ 
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